In this pa per, an in verse anal y sis is per formed for the es ti ma tion of ra di a tive param e ters from the mea sured tem per a ture pro file in an ab
ties or tem per a tures [2] [3] [4] [5] [6] [7] . A re view of the ref er ences for in verse ra di a tion anal y sis in 1986-1991 is avail able in the lit er a ture [8] .
De spite the rel a tively large in ter est ex pressed in in verse ra di a tion prob lem of pa ram eter es ti ma tion, most of the work has con sid ered one, or two-di men sional sys tems, and in the ses prob lems only a lim ited num ber of the un known ra di a tion pa ram e ters are es ti mated si mul taneously. In the pres ent study, ab sorb ing and scat ter ing co ef fi cients and wall emissivity are es timated si mul ta neously. In the di rect prob lem, the con trol vol ume fi nite el e ment method (CVFEM) is used to solve the ra di a tive trans fer equa tion (RTE) in a 3-D par tic i pat ing me dia. In the in verse prob lem, the Levenberg-Marquardt method (LMM) is used to min i mize the ob jective func tion. The ef fects of an gu lar and spa tial meshes re fine ment, ini tial guesses and mea surement er rors on the ac cu racy of the in verse anal y sis are in ves ti gated.
Di rect ra di a tion prob lem

Gov ern ing equa tions
We con sider an ab sorb ing, emit ting, scat ter ing, and gray me dium. In this case, the math e mat i cal for mu la tion of the di rect prob lem is given by: (1) where I(s, r W) is the ra di a tive in ten sity at po si tion s in the di rec tion r W, k a and k d are ab sorb ing and scat ter ing co ef fi cients, re spec tively, I b (s) -the to tal blackbody ra di a tive in ten sity at the tem pera ture of the me dium, and P( r W, r W') -the scat ter ing phase func tion from the in com ing r W' di rec tion to the out go ing di rec tion r W. The sur face bound ing me dium is as sumed gray and emits and re flects dif fusely. So, the ra di a tion bound ary con di tion can be writ ten as: 
where e w is the wall emissivity and r n w is the unit nor mal vec tor to the wall. The tem per a ture dis tri bu tion is de ter mined from the fol low ing en ergy equa tion with a vol u met ric heat source of q:
The di rect prob lem of con cern here is to find the tem per a ture dis tri bu tion T(s) for known ra di a tive pa ram e ters such as ab sorb ing and scat ter ing co ef fi cients, wall emissivity and phase func tion.
Nu mer i cal res o lu tion of the di rect prob lem
The con trol vol ume fi nite el e ment method has been dem on strated to be suc cess ful in the so lu tion of ra di a tive trans fer in 3-D rect an gu lar en clo sures [9] , as well as for the non-axisymmetric ra di a tive prob lems [10] , and also for the so lu tion of ra di a tive trans fer problems in com plex ge om e tries [11] . In [9] , Grissa et al. have stud ied four bench mark prob lems of ra di a tive heat trans fer and they found that the CVFEM is ac cu rate and ef fi cient.
In the CVFEM, the spa tial and the an gu lar do mains are di vided into a fi nite num ber of con trol vol umes and con trol solid an gles, re spec tively.
For an gu lar discretization, the to tal solid an gle is sub di vided into (N j ´ N q ) con trol solid an gles as de picted in fig. 1 , where Dj = (j + -j -) = 2p/N j and Dq = (q + -q -) = p/N q . N j and N q rep re sent num bers of con trol an gle in the az i muthal and po lar an gle di rec tions, re spec tively. These (N j ´ N q ) con trol solid an gles are non-over lap ping and their sum is 4p.
The con trol solid an gle DW mn is ex pressed by:
For spa tial discretization, the do main (e x , e y ) is sub di vided into three-node tri an gu lar el e ments and con trol sur faces are cre ated around each node N by join ing the controids of the el ements to mid points of the cor re spond ing sides, fig. 2(a) . Then, to cre ate the con trol vol ume DV ijk , fig. 2 (b), the con trol sur face is mul ti plied by Dz for nodes within cal cu la tion do main (and by Dz/2 when nodes are in bound aries) where Dz is the step of cal cu la tion in e z di rec tion.
In the first, the ra di a tive trans fer equa tion in te grated over both con trol vol ume and con trol solid an gle gives:
To ap prox i mate the integrals that rep re sent the ex tinc tion, emis sion and in-scat ter ing con tri bu tions, the ra di a tion in ten sity is con sid ered con stant within DV ijk and DW mn and is eval uated at the cen troid of the con trol vol ume and at the cen tre di rec tion of the con trol solid an gle. For the term on the left-hand side in eq. 5, the di ver gence the o rem, the skew pos i tive co ef fi cient up wind (SPCU), and step schemes are used to cal cu late the cor re spond ing quan tity.
The fi nal al ge braic equa tion of the RTE is given by the fol low ing ex pres sion [9] : 
. Spatial discretization (a) discretization in (e x , e y ) plane, (b) control volume DV ijk
Then, the al ge braic eq. (6) is writ ten in the fol low ing ma trix form [9] AI = b The ob tained ma trix sys tem is solved us ing the con di tioned con ju gate gra di ent squared method (CCGS). A de tailed cal cu la tion can be found in ref. [9] .
Equa tions (1) and (3) are cou pled and must be solved iteratively to yield the ra di a tion and the tem per a ture fields. The com pu ta tional pro ce dure is as fol lows: -Step 1: Assume the temperature distribution, -Step 2: Calculate the total blackbody radiative intensity I b using the given temperature distribution, -Step 3: Solve the radiative transfer equation to obtain the radiative intensity I, -Step 4: Solve the energy equation (eq. 3) to update the temperature field, and -Step 5: If the radiation and the temperature fields are not converged, go to Step 2.
Pa ram e ter iden ti fi ca tion pro ce dure
The es ti ma tion of ra di a tive pa ram e ters is achieved by a minimization of the ob jec tive func tion de fined in eq. 8. This func tion is ex pressed by the square sum of er rors be tween computed tem per a ture ob tained from di rect prob lem, T i ( r b), and mea sured tem per a ture, Y i , at i measure ment po si tion:
where l is the to tal num ber of mea sure ment points and r b -the un known pa ram e ters vec tor.
Sen si tiv ity anal y sis
This study is es sen tial be fore start ing the pa ram e ter iden ti fi ca tion pro ce dure; in fact it al lows to de ter mine if the pa ram e ters could be si mul ta neously es ti mated.
The sen si tiv ity co ef fi cients X ij are de fined as the first de riv a tive of the es ti mated temper a ture at i mea sure ment po si tion, ¶T i ( r b), with re spect to the un known pa ram e ter, b j , that is:
where n p is the num ber of un known pa ram e ters. Phys i cally, X ij is a mea sure of the ef fects of changes in un known pa ram e ters on es timated tem per a ture. It is cal cu lated from the fi nite dif fer ence ap prox i ma tion as:
where db j = 10 -4 bj. For the com par i son of the sen si tiv ity co ef fi cients and when the pa ram e ters do not have the same units, the fol low ing dimensionless quan ti ties are used for the study of sen si tiv ity:
The sen si tiv ity anal y sis con sists of study ing the evo lu tion of the dif fer ent sen si tiv ity co ef fi cients vs. an ex pli ca tive vari able (po si tion). In gen eral, these co ef fi cients must be large and uncorrelated with each other.
Pa ram e ter iden ti fi ca tion method
The minimization of the ob jec tive func tion is per formed by the LMM which is used in sev eral re searches [1, [12] [13] [14] .
The eq. 8 can be writ ten as:
where D i is the dif fer ence be tween the mea sured and com puted tem per a tures:
Min i miz ing J with re spect to r b is equiv a lent to make its deri vates equal to zero: ¶ ¶b ¶ ¶b
In this equa tion, the vec tor r D is ex panded in a Tay lor se ries and only the first or der terms are re tained. To damp os cil la tions and in sta bil i ties due to the ill-con di tioned char ac ter of the prob lem, a damp ing pa ram e ter, l, is added to yield the LMM [15] . The it er a tive pro cess is ex pressed as:
where Db
I and X de note the iden tity and the sen si tiv ity ma trix, re spec tively, and the su per script k de notes the it er a tion num ber.
The it er a tive pro ce dure is con tin ued un til the con ver gence cri te rion:
10 (17) is sat is fied.
Com pu ta tional al go rithm
The steps of re con struct ing ra di a tive pa ram e ters are sum ma rized as fol lows. It is as sume that the tem per a ture is mea sured, i. e. Y is given. We choose an ini tial set of pa ram e ters 
¬ J k and return to step 2; otherwise, l k+1 = l k /10 and the inverse procedure is continued, and -Step 7: Check the stopping criterion (eq. 17). If it is satisfied then all calculation steps are terminated; else, replace k+1 by k and return to step 2.
Re sults
A 3-D fur nace (2 m × 2 m × 4 m) en clos ing an ab sorb ing, emit ting and anisotropic scat ter ing me dium is con sid ered. The ex act value of both k a and k d is 0.5 m -1 . The walls are gray and with emissivity be ing 0.8. The tem per a tures of walls are all T w = 1000 K. A uni form vol umet ric heat source of q = 5 kW/m 3 is pre scribed in the me dium.
An anisotropic scat ter ing me dium is con sid ered with Delta Ed ding ton phase func tion given by:
where d is the delta func tion and the val ues 0.781 and 0.868 are as signed to the con stants f and g, re spec tively. The di rect ra di a tion prob lem was solved by Fiveland [16] us ing the S 4 dis crete or dinates so lu tion by Coelho [17] us ing the hy brid fi nite vol ume/fi nite el e ment discretization method and by Grissa et al. [9] us ing the CVFEM. How ever, to the knowl edge of the au thors, there is no work deal ing spe cif i cally with the res o lu tion of this in verse ra di a tion prob lem.
In the in verse ra di a tion prob lem, we as sume that the tem per a ture is known while the ra di a tive prop er ties, i. e. ab sorb ing and scat ter ing co ef fi cients and phase func tion, and the bound ary con di tion, i. e. emissivity of bot tom wall e b , are re garded as un known.
In or der to ob tain the mea sure ment tem per a ture, the di rect prob lem is solved with the ex act val ues of ra di a tive pa ram e ters. Then, the ob tained nu mer i cal so lu tions are con sid ered as ex per i men tal data af ter add ing small ran dom noise:
where s is the stan dard de vi a tion of the mea sure ment er rors and x -the Gaussi an dis trib uted ran dom er ror within -2.576 to 2.576 for a 99% con fi dence bounds. The CVFEM is used to pre dict the tem per a ture dis tri bu tion with (N x × N y × N z ) spa tial con trol vol umes and (N j × N q ) con trol solid an gles. N x , N y , and N z rep re sent num bers of con trol vol umes in the e x , e y , and e z di rec tions, re spec tively.
The num ber of mea sure ment points is set as (N z -2) points evenly spaced in the centreline of me dium, i. e., x = y = L/2. All com pu tations are re al ized with a Pentium (R)4 CPU 3.00 GHz. For the sake of com par i son, rel a tive er ror E is de fined as:
Sen si tiv ity co ef fi cient anal y sis
The nor mal ized sen si tiv ity co ef fi cients are cal culated for the five pa ram e ters (k a , k d , e b , f, and g) us ing eq. (11) . Re sults ob tained are shown in fig. 3 . One can note from fig. 3 that the model is very sen si tive to the ab sorp tion and scat ter ing co ef fi cients and to the constant f of the phase func tion, whereas it is less sen si tive to the bot tom emissivity e b and to the con stant g of the phase func tion. More over, the re duced sen si tiv ity co ef fi cients X k d and X f are lin early de pendents. So, it can not be iden ti fied si mul ta neously. Also, be cause of the low sen si tiv ity of the constant g, this pa ram e ter can not be ac cu rately es ti mated. Con se quently, we as sume that the phase func tion is known and we at tempt to si mul ta neously es ti mate k a , k d , and e b .
Case 1. In this case, the ini tial val ues of k a , k d , and e b are set as 0.7 m, 0.3 m and 0.6, respec tively. The stan dard de vi a tion of mea sure ment er rors is equal to s = 0.07 which cor responds to mea sured er ror of h = 4.82%.
The ef fect of an gu lar and spa tial grid num bers on the preci sion of the es ti ma tion is exam ined by con sid er ing eight cases in clud ing dif fer ent number of solid an gles and con trol vol umes. Ta ble 1 shows the cor re spond ing rel a tive er rors and CPU times. In one hand, the CPU time de creases by using a re duced num ber of an gular or spa tial meshes. On the other hand, it is ob served that be yond (10 × 10 × 20) con trol vol umes and (8 × 4) solid angles, there is no sig nif i cant change in the pre ci sion of the pa ram e ter es ti ma tion. Therefore, in the re main der of this work, we pro vide re sults consid er ing (10 × 10 × 20) con trol vol umes and (8 × 4) solid angles.
We rep re sent in fig. 4 the com par i sons be tween the mea sured and the cal cu lated temper a tures us ing the es ti mated pa ram e ters and the re sid u als. We note a good agree ment be tween curves. Be sides, the re sid u als that rep re sent the dif fer ence be tween the mea sured and the cal culated tem per a ture are ran dom and cen tred on zero. Case 3. The ef fect of the ini tial ap prox i ma tions on the ac cu racy of the in verse es ti mation is ex am ined. At first, it is as sumed that there are no mea sure ment er rors. The ab sorb ing and scat ter ing co ef fi cients and the wall emissivity of the bot tom sur face are es ti mated si mul taneously and the ini tial val ues of the pa ram e ters are taken ar bi trary. Re sults from the LMM (tab. 3) show that ex cel lent es ti ma tion can be ob tained even with poor ini tial val ues. 
Con clu sions
An in verse ra di a tion prob lem is solved for the si mul ta neous es ti ma tion of ab sorb ing and scat ter ing co ef fi cients and wall emissivity in a 3-D fur nace from the knowl edge of tem per ature pro file. The pa ram e ters' es ti ma tion pos si bil ity is ana lysed from a sen si bil ity study. The opti mi za tion is achieved us ing the LMM. Sev eral test cases in volv ing dif fer ent num ber of an gu lar and spa tial discretizations, mea sure ment er rors, and ini tial guesses are con sid ered. The re sults show that be yond (10 × 10 × 20) con trol vol umes and (8 × 4) solid an gles, there is no sig nif i cant change in the pre ci sion of pa ram e ter es ti ma tion. Also, it is ob served that the LMM does not require an ac cu rate ini tial guesses of the unknown quantities even with noise measurement. 
No men cla ture
